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Abstract
We consider a formulation of initial problem for Kolmogorov equa-
tion that corresponds a localized source of particles to be scattered by
medium with given scattering amplitude density (scattering indicatrix).
The multiple scattering expansion and amplitudes are introduced and the
corresponding series solution of the equation is constructed. We investi-
gate the multiple integral representation for the series terms, transform it
into a form, convenient for estimations and prove convergence of the series.
An application to light beam scattering and LIDAR problem solution is
outlined.
1 Introduction
There are lot of issues representing methods of description of particles scat-
tering in inhomogeneous media. One of the general transfer function and its
most developed double scattering example from [1] directly relates to a LIDAR
backward probing.
Another, more close to classical Fresnel-Kirchoff diffraction theory, it is ap-
plied to microwave propagation/scattering [2]. Next, interpreting LIDAR data,
even in the single-scattering approximation, it is quite complicated task based
on the extinction coefficient. The double-path atmospheric transmission is also
studied. Such method is effective for both the wave and the quantum natures
of light and it is free from limitations on the forms of scattering phase function,
multiplicity of photon interactions with a medium [3]. Physically, this behavior
suggests that the radial distribution of the forward scattered photons spreads
with increasing time delay. Comparison of the results obtained for a model
clouds are in a good coincidence with the results of the double scatter model of
[1]. Further development to a random media case with account of polarization
phase of photons one founds for example in [5].
In the realm of applicability of extinction coefficients and scattering indica-
trix some developments for one- and double scattering were proposed in [6] [13]
and the stochasticity importance is explained in [8].
An alternative approach based on Kolmogorov equations was developed by
authors in [14]. A generalized Cauchy problem is solved in a series form by
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iterations in terms of distributions, obtaining results by averaging procedure
over a receiver.
Earlier version of one of Kolmogorov equations (forward one) have the phys-
ical origin related to Brownian motion, which is often named now as FOKKER-
PLANCK EQUATION [10, 11]. A diffusion form of the equation
ft = −
∑
I
[bif ]xi +
1
2
∑
i,j
[aijf ]xixj , (1)
relates to general Kolmogorov equations for one-parametric family of continuous
linear operatorsP(t), t > 0 in topological vector space that expresses semigroup
property:
P(t+ s) = P(t)P(s). (2)
Such way we restrict ourselves to homogeneous Markovian stochastic processes,
where P(t), t ≥ 0 the operator, that transforms probability distribution at zero
time to one of the time t (P(0) = 1).
Differentiating (2) with respect to t, one arrives at
dP(t)
dt
= P(t)Q, (3)
where
Q = lim
h→0
P(h)− 1
h
. (4)
If one goes down to homogeneous Markovian stochastic processes in x, y ∈ R⋉
(Chapman-Kolmogorov [12],) it is applied to many problems of physics as well
[?]. Let us mention a book of [13], that reviews a theory of neutron scattering
problems.
The Chapman-Kolmogorov equation for transition densities directly gener-
alizes (2):
p(t+ s, x, y) =
∫
R⋉
p(t, x, z)p(s, z, y)dz. (5)
In this paper we start (Sec. 2) with a formulation of problem for the Kol-
mogorov equations for random dynamic processes [9]. The form of the equation
to be studied is intimately close to the linearized Boltzmann one [14] with its
direct physical sense as balance of scattering gas particles in phase space, which
corresponds a localized source of particles to be scattered by medium with given
scattering amplitude density. The multiple scattering amplitudes are introduced
and the corresponding series solution of the equation is constructed (Sec. 3). We
investigate the multiple integral representation for the series terms, its estima-
tions and prove convergence of the series. We also present explicit expressions
for the first terms of the expansion and corresponding particles rates (Sec. 4.2).
An application to photons beam scattering is considered [16, 15].
Most important aim which we would like to achieve is to investigate the
iteration series convergence in some natural conditions (Sec. 5). The upper
estimation of the terms for a point receiver (Sec. 4 ) is achieved by division
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of integration domain in a space of specially constructed variables and give
a possibility to estimate N-fold scattering contributions in terms of problem
parameters.
2 Problem formulation
2.1 Initial problem
Consider a kinetic equation in the phase space {~r, ~v} ∈ Γ
∂tf + ~v · ∇f = −σt(z)f −
∫
Ω
σ(cosγ, z)fdΩ′, (6)
where f(t, ~r, ~v) is proportional to probability density function over {~r, ~v} ∈ Γ,
~v = (vsinθcosφ, v sin θsinφ, vcosθ) and σt(z), σ(cosγ, z) are total and differen-
tial cross section densities per unit volume of a stratified (in z) medium corre-
spondingly. The function f(t, ~r, ~v) itself will be used as a distribution defined
by action on the Schwartz space ψ(~r, θ, φ) ∈ S, via continuous linear functional
(f, ψ) ∈ R. In spherical coordinates of incident θ, φ and scattered θ′, φ′ particles
the scattering angle is characterized by
cos γ = cos θ cos θ′ + sin θ sin θ′ cos(φ − φ′), (7)
hence dΩ′ = sinθ′dθ′dφ′. We suppose that the scattering is elastic, |~v| does not
change while the scattering process occur, we can choose units so that |~v| = 1.
Initial condition for (6) is represented by a distribution, this paper choice is
restricted by
f(0, ~r, θ, φ) = V δ(~r)δ(θ), (8)
with a constant V as normalization factor. It means that we built a solution
for the probability density as a weak limit (when t → 0) to the δ - function at
t = 0. The distribution δ(θ) is chosen as
(δ(θ), ψ(~r, θ, φ)) =
∫ 2π
0
ψ(~r, 0, φ)dφ, (9)
ψ ∈ S, and, in a conventional mode, δ(~r) = δ(x)δ(y)δ(z).
The distribution f is defined in a (Schwartz) space which will be used in
direct applications via the integral by space variables which enter the solution
as parameters, used as a receiver geometry description. So, we are interested in
J(∆, t) =
∫ θ1
θ0
(f(t, ~r, θ, φ), ψ)dθ (10)
The applications relate to observations (measurements) of the result of averaging
procedure, defined by (10). The expression (10) defines number of particles
within a finite domain (∆) of a measurement apparatus and having velocity
direction between θ0 and θ1 restricted by aperture related to the apparatus
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window direction. The action of the distribution f on S in the case of piecewise
continuous functions implies the integration with respect to φ, x, y, z.
An example of conventional backward (LIDAR) receiver posed in a vicinity
of the origin, the function ψ was chosen nonzero (e.g. equal to 1) if
|x| ≤ ∆x,
|y| ≤ ∆y,
|z| ≤ ∆t|cosθ|,
where ∆t is the receiver reaction time and the aperture angles lie between π
and π − θ0.
We would use also the point receiver that is convenient when the receiver is
small compared with the solution inhomogeneity scale.
Jp(t) = lim
∆→0
J(∆, t)
∆
. (11)
We will also use such function for estimation of N-fold scattering contribution
and for investigation of the series convergence in the Sec. 5.3.
Having in mind applications to electromagnetic wave scattering problem, the
function f is interpreted as either a density number of a photons or probability
density in Γ space.
2.2 Number of particles rate
Generally [14], the probabilistic interpretation of the distribution function f in
the phase space gives the number of particles in a small volume ∆x∆y∆z as
∫ 2π
0
∫ π
π−θ0
∫ x+∆x
x
∫ y+∆y
y
∫ z+∆z
z
fdxdydz sin θdθdφ.
Whereas in the LIDAR problem the receiver is placed at the origin [14], generally
it may be placed at a certain position outside the scatterers domain.
By its direct sense, the particles rate is proportional to the number of par-
ticles (e.g. photons) per unit time and volume, that is given by general relation
I(t) = lim
∆t→0
1
∆t
∫ α
0
(f(t, 0, 0, z0, θ, φ), ψ(x, y, z, θ, φ)) sin θdθ. (12)
The choice of the function ψ can be realized by concrete physical reasons.
Our particular aim is the evaluation of number of particles per unit time
which enter the round area of radius ρ0 laying in the plane z = z0 (receiver)
with center in the origin and having velocity vectors inclined to z-axis within the
angle interval θ ∈ [0, θ0]. Here an aperture angle θ0, restricts possible velocities
of particles directions. In the exemplary case we take here, the receiver has
cylindrical symmetry and for the initial direction along z, the function does not
depend on θ, φ, so it is chosen zero outside the receiver, and ψ(x, y, z) = 1 for
internal points of the domain x2 + y2 ≤ ρ20, z0 ≤ z ≤ z0 + ∆t| cos θ| and
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zero outside, being z0 the coordinate and |z0| of the distance between the source
of the pulse and the receiver.
I(t) = lim
∆t→0
1
∆t
∫ ρ0
0
∫ α
0
∫ 2π
0
(f(t, 0, 0, z0, θ, φ), ψ(x, y, z, θ, φ)) sin θdφdθ. (13)
For a point receiver we will go to the limit
Ip(t) = lim
∆t→0
1
∆t
lim
ρ0→0
∫ ρ0
0
∫ α
0
∫ 2π
0
(f(t, 0, 0, z0, θ, φ), ψ(x, y, z, θ, φ)) sin θdφdθ.
(14)
Such geometry was used in [15] for X-rays scattering problem application.
3 Method of solution
A solution is searched as a N-fold scattering expansion
f = f0 + f1 + f2 + .... (15)
We choose for f0 the equation
Lf0 =
∂f0
∂t
+ cosθ
∂f0
∂z
+ sinθcosφ
∂f0
∂x
+ sinθsinφ
∂f0
∂y
= −σtf0, (16)
and initial condition as the distribution (8),(9) where V is chosen from normal-
ization as the probability density.
f0(0, ~r, θ, φ) =
1
2π
δ(~r)δ(θ). (17)
For n > 1, the expansion coefficients are defined by
Lfn+1 = −σtfn +
∫ 2π
0
∫ π
0
σ(cosγ, z)fnsinθ
′dθ′dφ′. (18)
with zero initial conditions for n > 0
fn|t=0 = 0. (19)
Let us change variables in (16)
x′ = x− t sin θ cosφ, (20a)
y′ = y − t sin θsinφ, (20b)
z′ = z − t cos θ. (20c)
The equation (16) is transformed as
∂f0
∂t
= −σtf0 (21)
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which is integrated as
f0 = G(~r, ~v) exp[−
∫ t
0
σt(z
′)dτ ]. (22)
The function G is found from initial conditions (17):
f0(0, ~r, θ, φ) = V δ(x)δ(y)δ(z)δ(θ). (23)
It gives
G(~r, ~v) = V δ(z − t)δ(x)δ(y)δ(θ). (24)
Let us denote a function E via
E(t, z, θ) = exp[−
∫ t
0
σt(z − τcosθ)]dτ, (25)
hence, picking up (22,24) and (25) for the f0 one obtains
f0(t, ~r, θ, φ) = V δ(z − t)δ(x)δ(y)δ(θ)E(t, z, θ). (26)
Fo the n-fold iteration fn+1, one has
fn+1(x, y, z, θ, φ) =∫ t
0 E(τ, z, θ)
∫ π
0
∫ 2π
0 σ(cosγ, z − τcosθ)
fn(t− τ, x− τsinθcosφ, y − τsinθsinφ, z − τcosθ, θ′, φ′)sinθ′dθ′dφ′dτ.
(27)
This expression defines the recurrence operator
fn+1 = Knfn, (28)
which form decides about properties of approximate solutions and convergence
of the multiple scattering series (15).
For the first iteration f1 one obtains:
f1 = V
∫ t
0
E(τ, z, θ)E(t− τ, z − τcosθ, 0)
σ(cosθ, z − τcosθ)δ(x − τcosθ − (t− τ))δ(y − τsinθsinφ)δ(z − τsinθcosφ)dτ.
(29)
Similar expressions are obtained and interpreted in a case of N-fold scattering
terms, the two-fold one is presented in the following sections (see also [16]).
4 Examples of particles rates estimation.
To explain the approach based on transition to new variables to be convenient
for the N-fold contributions in the expansion (15) we would demonstrate its
form on minimal number of iterations.
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4.1 An one-fold solution for a point receiver
The integrand in (29) is considered as distributions on Schwartz space S of
functions x, y, z which depend on φ, θ, τ as parameters. For example, f1 acts on
an element ψ(~r) ∈ S as
(f1(~r, θ, φ, t), ψ) =
V
∫ 2π
0
∫ t
0 E(τ, τ cos θ + t− τ, θ)E(t − τ, t− τ, 0)σ(cos θ, τ cos θ + t− τ)
ψ(τ sin θcosφ, τ sin θsinφ, τ cos θ + t− τ)dτdφ,
(30)
where ψ describes a receiver. For example it is determined as in Sec. (2.2), or
ψ(~r) = 1 at
x2 + y2 ≤ ρ20, z0 ≤ z ≤ z0 +∆t| cos θ|
and zero outside, being z0 the boundary coordinate of the cylindrical receiver.
From the definition (10) for the backward scattering and aperture angle θ0
we have
J1(t) =
∫ π
θ0
(f1, ψ)sinθdθ. (31)
Therefore, we get for (29) going to the intensity (12) for a point receiver
that we do as the limit:
I1p(t, 0, 0, z0) =
− lim
∆t→0
lim
ρ0→0
∫ z0+cos θ0∆t
z0
∫ 2π
0
∫ ρ0
0
∫ α
0
∫ t
0
E(τ, z0, θ)
∫
σscat(cos θ cos θ
′, z − τ cos θ)
f0(t− τ, x− τ sin θ cosφ, y − τ sin θ sinφ, z − τ cos θ, θ) sin θ′dθ′dτdθdρdφdz,
(32)
the normalizing factor is chosen as V = 1/2π, integrating by φ, taking the
cylindrical symmetry into account. Evaluation of 1-fold scattering by (30)
I1p(t) =
− lim
∆t→0
lim
ρ0→0
1
∆t
∫ ρ0
0
∫ α
0
∫ t
0
∫ z0+cos θ0∆t
z0
E(τ, z, θ0)E(t− τ, z − τ cos θ0, θ0)∫
σscat(cos θ0 cos θ
′, z − τ cos θ0)ψ(τ sin θ0 cosφ, τ sin θ0 sinφ, τ cos θ0) sin θ′dθ′dτdφdρdz.
(33)
The nonzero I1 values are obtained in conditions that are explained by means
of the following description. The area of integration lies between the horizontal
lines z = z0, z0 +∆z and inclined lines z = cos θ0 + a and z = cos θ0 + b, where
a,b are boundaries of domain, filled with scatterers under consideration: e.g. a
”cloud” in atmosphere [18] or metal plate in X-rays case [15]. The vertical green
line marks a pulse arrival time z = t (see also the Fig.1 in [15]).
In the case of fixed angle θ0, z
′ = τ(cos θ0− 1)+ t, τ = (cos θ0− 1)−1(z′− t),
hence the argument of the δ - function is z0+t−τ−z′ = z0+t−(cos θ0−1)−1(z′−
t) − z′ = z0 − bt + az′ = a(z′ − ba )t + z0/a, where a = −1 − (cos θ0 − 1)−1 =
cos θ0
1−cos θ0
, b = 1 + (cos θ0 − 1)−1.
The second argument of the scattering amplitude σs is therefore z0−τ cos θ0 =
z0 − (cos θ0 − 1)−1(z′ − t) cos θ0.
The result of 1-fold scattering for zero angle for the point receiver is almost
trivial from geometrical point of view, the arriving pulse is infinitely short. The
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expression for intensity contains natural spherical divergence, exponential decay
due to absorption and forward scattering in a level inside the layer. Some details
may be found in the papers [15].
and (11)
Jp1 (t) = lim∆i→0
J1(t)∏
∆i
, i = 1, 2, 3. (34)
one arrives at
Jp1 (t) = lim
∆i→0
1∏
∆i
∫ π
θ0
∫ 2π
0
(f1, ψ)sinθdφdθ, i = 1, 2, 3. (35)
where the vector ψ have nonzero components if
|x| ≤ ∆x = ∆1,
|y| ≤ ∆y = ∆3,
|z| ≤ ∆t|cosθ| = ∆3.
and 0 outside the domain. Plugging f1 from (29) yields:
Jp1 (t) = lim∆i→0
1∏
∆i
∫ π
θ0
∫ 2π
0
∫ t
0 E(τ, τ cos θ + t− τ, θ)E(t− τ, t− τ, 0)·
σ(cos θ, τ cos θ + t− τ)ψ(τ sin θcosφ, τ sin θ sinφ, τ cos θ + t− τ)dτ sin θdφdθ.
(36)
4.2 Alternative variables of integration. One- and two-
fold solutions for a point receiver
Let us change the variables of integration, having in mind more convenient
(compared to [16]) description of the integration domain and limiting procedure
x = τ sin θ cosφ,
y = τ sin θ sinφ,
x = τ cos θ + t− τ.
(37)
The inverse ones are found as
τ = x
2+y2+z2−2zt+t2
2(t−z) ,
cosφ = x√
x2+y2
,
cos θ = x
2+y2+z2−2zt+t2−2(t−z)2
x2+y2+z2−2tz+t2),
(38)
with the Jacobian:
J sin θ =
2
x2 + y2 + z2 − 2zt+ t2 . (39)
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Let us define the integration intervals by means of
0 ≤ τ ≤ t,
0 ≤ φ ≤ 2π,
π − θ0 ≤ θ ≤ π,
0 ≤ τ cos θ + t− τ ≤ ∆t,
|τ sin θ cosφ| ≤ ∆x,
|τ sin θ sinφ| ≤ ∆y,
t− τ + τ cos θ ≥ 0,
(40)
then |x| ≤ ∆x, |y| ≤ ∆y, 0 ≤ z ≤ ∆t.
The explicit expression for the integral J1, corresponding to (36), in new
variables takes the form
J1 = lim
1
2∆x∆y∆z
∫ ∆x
−∆x
∫ ∆y
−∆y
∫ 0
−∆t
E′E′′σ
x2 + y2 + z2 − 2zt+ t2 dxdydz, (41)
where
E′ = E(τ, z, θ), E′′ = E(t− τ, z − τ cos θ, 0),
is defined by (25). In arguments of E′, E′′, σ the old variables τ, θ are expressed
in new ones by (38).
Doing the limiting transition ∆x→ 0,∆y → 0,∆z → 0,∆t→ 0 for a point
receiver, we obtain the simple formula for back scattering
Ip1 (t) =
2
t2
E′(
t
2
, 0, π)E′′(
t
2
,
t
2
, 0)σ(−1, t
2
). (42)
It reproduces the one-fold LIDAR formula for a small receiver in convenient
form, see the recent [18].
From (27) similar to (29) using the correspondingly modified transformations
(37,38) one arrives at the distribution term f2:
f2 =
∫ t
0 E(τ2, z, θ)
∫ 2π
0
∫ π
0 σ(cosγ, z − τ2cosθ)∫ t−τ2
0
E(τ, z − τ2cosθ, θ′)E(t− τ2 − τ, t− τ − τ2, 0)σ(cosθ′, t− τ − τ2)
δ(x − τ2sinθcosφ− τsinθ′cosφ′)δ(y − τ2sinθsinφ− τsinθ′sinφ′)
δ(z − τ2cosθ − τcosθ′ − (t− τ2 − τ))dτsinθ′dθ′dφ′dτ2
(43)
In new variables (37) the integral J2 takes the form
J2 = lim∆V→0
1
2∆x∆y∆z
∫∆x
−∆x
∫∆y
−∆y
∫ ∆t
0
∫ t/2
0
∫ 2π
0
∫ π
π−θ0
E∗σ(cos γ,τ1(cos θ1−1)+t−τ2)σ(cos θ1,t−τ1−τ2)
(τ2sinθ2cosφ2−x)2+(τ2sinθ2sinφ2−y)2+(t−(1−cosθ2)τ2−z)2
sinθ2dθ2dφ2dτ2dzdxdy,
(44)
where
E∗ = E(τ, z − τ2cosθ, θ′)E(t− τ2 − τ, t− τ − τ2, 0). (45)
Approximate expressions for the main term contribution in the two-fold
scattering are presented in [16] as double integral and compared to [6, 17].
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5 Multiple scattering series solution
5.1 n-fold solution for a point receiver
The algorithm prescribed by the recurrence relation (28) yields
Jn = lim
∆i→0
1∏
i∆i
∫ π
π−θ0
∫ 2π
0
(fn, ψ)sinθdθdφ, (46)
the nonzero contribution in the integrand of (46) is defined by
Jn =
lim∆i→0
1∏
∆i
∫ ∆x
−∆x
∫ ∆y
−∆y
∫ 0
−∆t
∫ π
π−θ0
∫ 2π
0
∫ t
0 ...
∫ t−∑n−1i=1 τi
0 E
∗σ(cos γ, z − τn cos θ)...
σ(cosθ1, z −
∑n
i=1 τi cos θi)
ψ(
∑n
i=1 τi sin θi cosφi,
∑n
i=1 τi sin θi sinφi,
∑n
i=1 τi cos θi + t−
∑n
i=1 τi)∏n
i=1(dφidτidθi)dV,
(47)
where E∗ is a direct generalization of the exponential functions product (45)
that characterize the attenuation along the whole scattering path of a particle.
5.2 Estimation of n-fold contribution for a point receiver
The analysis of the first terms (29,43) of the series (15) gives an idea to write
general expressions and perform estimations. The transformation (37) now looks
as
x =
∑n
i=1 τi sin θi cosφi
y =
∑n
i=1 τi sin θi sinφi
z =
∑n
i=1 τi cos θi + t−
∑
τi,
(48)
its inverse for τ1, cos θ1 and cosφ1 and Jacobian look similar to (37,38,39). For
the n times scattering contribution, after transition to the limit, one has
Jn = 2
∫
D E
∗σ(cosγ,
∑n−1
i=1 τi cos θit−
∑
τi) • ...
• σ(cos θ1,t−
∑n
i=1 τi)
∏n
i=2 dφidτidθi
(t−
∑n
2
τi(1−cosθi))2+(t−
∑n
2
τicosθisinφi)2+(
∑n
2
τicosθicosφi)2
,
(49)
where the integration domain D is specified by the inequalities
0 < θ2 < π, ..., π − θ0 < θn < π,
0 < φ2 < 2π, ..., 0 < φn < 2π,
(t−∑n2 τi)2 ≥∑n2 τ2i +∑i6=k τiτkcosγik,
τi ≥ 0,
γik = cosθicosθl + sinθisinθkcos(φi − φk).
(50)
Let us divide the integration domain D to subdomains D1, D2 so that for a
positive ǫn holds
(t−
n∑
2
τi(1− cosθi))2 + (
n∑
2
τi cos θisinφi)
2 + (
n∑
2
τicosθicosφi)
2 ≤ ǫn ∼ D1,
≥ ǫn ∼ D2.
(51)
Denote the correspondent integrals as J1n, J
2
n.
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5.3 Multiple scattering series convergence theorem
Let the Chebyshev norm of σ is denoted as ||σ|| = maxcos γ∈[−1,1],z∈[z1,z2] σ(cos γ, z),
the scatterers now are within the interval [z1, z2]. After estimations in integrands
we arrive at
J1n ≤ 2n−1||σ||n exp[−σmint] (n−1)
3tn−2ǫn(4π)
n−1
(t−ǫn)2
J2n ≤ 2n||σ||n exp[−σmint] (4πt)
n−1
ǫ2n(n−1)!
θ20 .
(52)
Choosing next
ǫn =
θ
2/3
0 t
2((n− 1)!)1/3(n− 1) , (53)
and unifying (52) we obtain the Resulting estimation
Jn ≤
23n−1||σ||n exp [−σmint]πn−1tn−3 (n−1)
2
((n−1)!)1/3
θ
2/3
0 .
(54)
The series generated by r.h.s. of the inequality (54) converge because
lim
n→∞
n
√
23n−1||σ||n exp [−σmint]πn−1tn−3 (n− 1)
2
((n− 1)!)1/3 → 0. (55)
Therefore radius of convergence is infinity.
If 8π||σ||t < 1, the following estimate for error is following
∑n
1 Ik(t) ≤ 4||σ||e−σmintθ2/30 t2
∑∞
n=k(8π||σ||t)n−1 =
||σ||e−σmintθ
2/3
0
1−8π||σ||t .
(56)
Having such estimation one can decide what number of N-fold contributions
should be taken into account for a given error via approximate estimation for
σ.
6 Conclusion
We study a construction and convergence of iterative series solution of Kol-
mogorov equation which would be useful to approve and estimate a contribu-
tion of N-times scattering into the complete response. There is a possibility
to enhance the method to third or higher order to improve evaluation of par-
ticles scattering in a medium of higher density. In the manuscript we use the
”physical” language of particles as alternative to semi-analytical and Monte-
Carlo approaches [19] but the result has obvious general mathematical sense
for arbitrary events related to the theory of probability. Generalizations for
polarization account [6] are also evident and will be published elsewhere.
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